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ABSTRACT 

For a one-parameter family of Calabi-Yau d-fold M embedded in CP d+1 , we 
■ consider a new quasi-topological field theory A*(M)-model compared with the 

A(M)-model. The two point correlators on the sigma model moduli space (the 
hermitian metrics) are analyzed by the y4A*-fusion on the world sheet sphere. 
A set of equations of these correlators turns out to be a non-affme A-type Toda 
equation system for the d-fold M. This non-affme property originates in the 
vanishing first Chern class of M . Using the results of the A^-equation, we obtain 
a genus one partition function of the sigma model associated to the M in the 
recipe of the holomorphic anomaly. By taking an asymmetrical limit of the 
complexified Kahler parameters i — > oo and t is fixed, the y4*(M)-model part is 
decoupled and we can obtain a partition function (or one point function of the 
operator associated to a Kahler form of M) of the y4(M)-matter coupled 
with the topological gravity at the stringy one loop level. The coefficients of the 
series expansion with respect to an indeterminate q := e 2mt are integrals of the 
top Chern class of the vector bundle V over the moduli space of stable maps with 
definite degrees. 
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1 Introduction 



When one considers correlation functions of an N=2 non-linear sigma model with a 
Calabi-Yau target space, they depend not only on the moduli space of the Riemann surface, 
but also on the properties of the target Calabi-Yau manifold (especially on the Calabi- 
Yau moduli spaces). By twisting the N=2 non-linear sigma model Jl|, [|, one can obtain 
two quasi-topological field theories (the A- model and the B-model) ||, which describe two 
distinct Calabi-Yau moduli spaces (a Kahler structure moduli space and a complex structure 
moduli space, respectively). 

So far it was difficult to analyze non-perturbative corrections of the A-model correlation 
functions. However by the discovery of the mirror symmetry 0, || between the A(M)-model 
and the B(W)-model for the mirror pairs (M, W), it is becoming possible to investigate these 
corrections in the A-model || [7|. 

Up to now, three point functions and d-point functions on the genus Riemann surface 
(i.e. at the stringy tree level) for the Calabi-Yau d-folds || |9], [H], [11], 0, HU and partition 
functions in the higher genus (g > 1) (i.e. at the stringy higher (more than or equal to one) 
loop level) for Calabi-Yau 3-folds |14|] have been investigated under mirror symmetries. Now 
it may fairly be said that the analyses of the Calabi-Yau 3-folds under the mirror symmetries 
have been established pj, 0, 0, |T|, |l|, ||, gl . 



In this article, we take a genus one Riemann surface as a world sheet, a (complex) d- 
dimensional Calabi-Yau target space M realized as a hypersurface embedded in a projective 
space CP d+1 and study the properties of a partition function of the A(M)-model under the 
mirror symmetry. 

The rest of the paper is organized as follows. In section 2, we review an N = 2 super- 
symmetric non-linear sigma model with a Calabi-Yau target space M and its topological 
version 74(M)-model [p], g^]. Also another topological theory A*(M)-model is introduced. 
In section 3, a one-parameter family of the Calabi-Yau d-fold M and its mirror pair W are 
explained. In order to study the hermitian metrics g/m of the sigma model moduli space, 
we develop a method v4v4*-fusion there. This recipe is applied to our one-parameter family 
of d-fold in section 4. By using the data the author derived before, a set of equations for 
the metrics gi m is obtained. This equation system turns out to be a non-afnne A-type Toda 
equation system. We solve this equation system explicitly and investigate the properties 
of the metrics. Also the results obtained there are used to analyze a genus one partition 
function for the d-fold. Section 5 provides a field theoretical interpretation for the genus one 
partition function. Section 6 is devoted to the conclusion and comments. In appendices, 
several explanations and calculations omitted in the text are collected. 
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2 Review of the A-Model 



In this section, we review an A(M)-model associated with a d-dimensional Calabi-Yau 
manifold M. In addition, we introduce another (quasi)-topological field theory A*-model. 

2.1 N = 2 Super symmetric Non-linear Sigma Model 

To begin with, we introduce an N = 2 supersymmetric non-linear sigma model in two 
dimensions. Let E be a Riemann surface and M be a d-dimensional Calabi-Yau manifold. 
Locally one chooses coordinate systems (X\X l ) on M and (z,z) on E (where X 1 stands for 
a set of the holomorphic coordinate system (i — 1, 2, • • • , d) ). The (X\ X' 1 ) are considered 
as mappings from E to M. In this supersymmetric theory, there are fermionic pairs (ip l L , ip L ), 
{^ri^r) where subscripts stand for left-moving parts, right-moving parts on E re- 

spectively. Also superscripts V, V mean that # have values on X*(T 1 >°M), X*{T°> 1 M) 
respectively. With these fields, the Lagrangian is written, 

L := J^d 2 z l - 9l j(d z x'd- z x^ + d- z x l d z x^) 

+ V^QifliDj^i + yf^\ gi f\)\D z ^ R + R^Mr^r 
Here covariant derivatives D Z ,D Z are defined as, 



d 



dX J 



with Tj K being the Levi-Civita connection of M and the curvature R^j is the Riemann 
tensor of M. This Lagrangian system possesses aniV = 2 supersymmetry, 
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where Ql, Ql, Qr, Qr are super charges which generate super-transformations, 

5 L = V=le L {Q L ,0} , 



5 L = V=li L {Q L ,0} , 
5 r O = V^Te R {Q R ,0} , 
~5 R = V^Ti R {Q R ,0} , 
£l , £l , e_R , £r ; fermionic parameters . 

These charges satisfy the following anti-commutation relations, 

Ql = Ql = Qr = Qr = > 
{Ql,Qr} = {Ql,Qr} = , 

{Ql,Qr} = {Ql,Qr} = , 

{Ql , Ql} = d z , [Q R , Q R } = B s . 

2.2 Topological Sigma Model 

In order to obtain topological versions of the N = 2 non-linear sigma model, let us 
consider the alternation of bundles on which fermions take values. We change spins of 
fermions by an amount depending on their U(l) charges. As a result, fermions take values 
not on spin bundles but on (anti)-canonical bundles. Especially we consider two cases; 



• Case I (A(M)-Model) 

In this case, we change the bundles on which fermions take values and rename the resulting 
fields as following, 

r VI : K 1 ' 2 (g)X*(T lfi M) -> x l ■ K° (g)X*(T lfi M) 

I : K l l 2 <g> X*(T 0,1 M) -> p\ : K 1 <g) X*(T°' 1 M) 

I : K 1 ' 2 ®X*{T 1 '°M) -»• p\ : K 1 ®X*(T lfi M) ' 

I : ^ 1/2 <8)X*(T ' 1 M) -> x l ■ K q ®X*\t®< 1 M) 

where the K is a canonical bundle. 

• Case II (A*(M)-Model) 

Similarly to the case (I), we can perform an opposite twisting, 

' : K 1 / 2 ®X*(T lfi M) -> : fT 1 <g> X*(T ,1 '°M) 

\\)\ : K 1 / 2 <g> X*(T 0,1 M) -> x f : ^° <S> X*(T 0,1 M) 

V'jj : i? 1/2 ^X^T^M) -> x l ■ K° ®X*(T lfi M) ' 

k : X 1 / 2 ^rj^M) -> p| : X^X^T^M) 

We call the former model as A(M)-model and the latter as A*(M)-model. As topological 
theories, the super charges Q L and Q R are combined into a BRST charge Q^ + \ 

Q {+) :=Ql + Qr , 
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in the A(M)-model. On the other hand, a BRST charges Q( ) is constructed from the 
remaining ones Ql and Qr in the A*(M)-model, 

Q { - ] :=Ql + Qr ■ 

Local observables of the A(M)-model, the 74*(M)-model are defined as elements of the BRST 
cohomologies with respect to the BRST charges Q^ + \ respectively. 

Firstly in the A(M)-model, local observables are functionals of the fields (X 1 , X\ x 1 , X*)- 
Considering the correspondence between the de Rham cohomology and the A-model BRST 
cohomology, we associate an arbitrary de Rham cohomology element uj to a physical observ- 
ables in the A(M)-model, 

uj = j il ... ipfl ... fq dX il A ■ ■ ■ AdX ip AdX^ 1 A ■ ■ ■ AdX 3 " G H P /(M) , 
( duj — , uj ~ uj + dv ) , 
<-> <t> A [u\ = Un-i^-fX ■ ■ ■ X ip X h ■ ■ ■ X 3q , 

(6<f> A [u}) = 0) . 
Especially a relation is satisfied, 

{Q (+ \M^]} = MM ■ 

Secondly A* (M)-model observables are constructed from the fields (X t ,X^,x l ,x^)- In 
similar to the A(M)-model case, we can define a physical operator (f) A * [w] in the A*(M)- 
model for each cohomology element uj, 

uj = uJ h ... ipfl ... fq dX h A ■ ■ ■ AdX ip AdX^ 1 A ■ ■ ■ AdX^ G H P /(M) , 
( duj — , uj ~ uj + dv ) , 
<-> <j) A « [uj] = uj h ... lpfl ... fq x h ■ ■ ■ X ip X Jl ■ ■ ■ X Jq , 
(6(f> A .[u;]) = 0) . 

Then a relation is satisfied, 

{Q(-\M"]} = M<M • 

3 The AA*-Fusion and the Two Point Functions 

In this section, we investigate the mixing between the holomorphic part and the anti- 
holomorphic one (the hermitian metrics) in the Calabi-Yau non-linear sigma model. 
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3.1 The One-Parameter Model in CP 



4+1 



Throughout this article, we take a one-parameter family of Calabi-Yau d-fold M realized 
as a zero locus of a hypersurface embedded in a projective space CP d+1 , 



M ; p = X d+2 + X d+2 + • • • + X d d +2 



L d+2 



-{d + 2)^X^2 ■ ■ ■ X d+2 ) = in CP' 



d+l 



(2) 



as a target space in the N=2 non-linear sigma model. Hodge numbers h p,q of this d-fold are 



calculated as 23 



h p ' q = 6 Piq , (0 < p < d , < q < d , p + q ^ d) , 
p 



h--> = K* + EM) 1 ( " t 2 ) • ( <" + 1 "J^ 4 " 11 + p ] , (o < P < d) . (3) 



Especially a Euler number x(M) can be written down, 

X (M) = l{(l-iVf-l + iV 2 } , iV:=d + 2 . 

A mirror manifold W paired with this M is constructed as a orbifold divided by some 
maximally invariant discrete group G = (Z^+2) ^ 

W; {p = 0}/G . 

This discrete group acts on the coordinate {X\ , X 2 , • • • , X^+i , Xd+2) as 
(a^X, , a a *X 2 , • • • , « ad+1 X d+1 , c^+ 2 X d+2 ) with & := exp (Jg), 



f (1,0,0, 

(0,1,0, 

(0,0,1, 

(0,0,0, 
I (0,0,0, 



0, 0,d + 1) 
0, 0,d+ 1) 

0, 0,tZ+ 1) 

1, 0,d+l) 
0, 



When one thinks about the Hodge structure of the G-invariant parts of the cohomology 
group H d (W), their Hodge numbers are written as, 



h d,o = h d-i,i 



h 



14-1 



h d,o 



3.2 The Hermitian Metrics 

Let us take a set of elements {ui} G H l ' l (M) which can be obtained from a Kahler form 
J := uj\ G iy 1,1 (M). Each dimension of the primary vertical subspace H l,l (M) (0 < / < d) is 
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given as, 




*+*).( (J + l-i).« + l) + S) , (( = | an d <i is even) , 



dimff»(M) = .j '-^"^ j J'^- d ' +1 -j • (' = ! 

, (otherwise) 

But the dimension of the subspaces H l j l (M) obtained from a Kahler form J is written down, 

dimH l /(M) = 1 , (0 < I < d) . 

From these cohomology elements u>i G H l f(M), we can construct physical observables := 
in the A(M)-model and := 4>a* [<^i] in the A*(M)-model. These elements describe prop- 
erties of the holomorphic part and the anti-holomorphic one in the target space M. Let us 
take each one element from the A-model part and the A*-model one. These two elements 
G®, G^ are combined into one correlator g/„ := (O^G^. These correlators are differ- 
ent from the topological metrics in the A(M)-model. These gim are hermitian as matrices 
and are called the hermitian metrics. 

Now we explain the definition of the expectation value in the above formula. Firstly note 
that the A(M)-model Lagrangian L A can be written as, 

La = J/z {Q< + > , V^} - v^T J^X*{e) , (4) 
where is a BRST charge of the A(M)-model and is defined as, 

gij : a metric of the Calabi-Yau d-fold M . 
Also the e is a Kahler form of M, 

e := y^lg iJ dX i AdX J , 

and the second term of La, 

| s X*(e)= ^V^I giJ (d z X%Xi -d- z X%Xi)d 2 z , 

is the integral of the pullback of the Kahler form e. 

Secondly the Lagrangian L A * of the A* (M)-model can be expressed as, 

La* = /^{^'.^l + v^l/rie) , (5) 

where is a BRST charge of the A*(M)-model and V i+) is defined as, 

;= </=lg iJ (fid z X i + fid !t X') . 
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The second term in the 

-V (r ) / [Qr 



H) has a peculiar property, 



Qi 



}+ J^{Qr\q l 



} . 



(6) 



where Ql , Ql , Qr , Qr are super charges and (ip L , ip 3 L ), (ip R , ip R ) are fermion pairs of the 
original N=2 non-linear sigma model. The operators gijip l L ip R and gijip R ipL in the integrals 
are translated in the y4(M)-model and/or A*(M)-model after twisting, 



Operators 


A-model 


A*-model 


9^Wr 










9ijX l X 3 



For the A-model, the operator := g^X* is a BRST observable associated to the Kahler 
form e, but the other operator Qijp\p\ is not a BRST observable and not a physical one. 
However the second term \Qr , Ql , V~^9ij pIpI } m © works trivially in physical situation 
except for the cases when one must consider some contributions from the boundary of the 
moduli space because Q^ = Ql + Qr is a BRST charge of A-model. 

Conversely the operator 6^ := gip^X* turns out to be a physical one associated with 
the Kahler form e and the other operator gijp^pjc becomes unphysical for the A*-model case. 



^9ijp l z P l z 



| in (P) works trivially 



In similar to the A-model case, the first term \Qr , Ql 
in usual physical situations because = Ql + Qr is a BRST operator of A*-model. 

Next we think about the meaning of the twisting. This twisting method can also be 
understood in the Lagrangian formalism. To begin with, we consider a Lagrangian L ([!]) 
of the original N=2 non-linear sigma model. The (quasi)-topological field theories (the A- 
model and the /l*-model) are obtained by introducing a fermion number current J (one-form 
on the Riemann surface £), 



La* 



J A 



L + / J A 



—% 



(A — model) , 
, (A* - model) 



which is coupled to the spin connection <; on the Riemann surface S. By this recipe, the spins 
of fermions are changed by an amount depending on their U(l) charges and then fermions 
come to take values not on spin bundles but on (anti)-canonical bundles. The objects we 
want to obtain are the hermitian metrics gim '■= (O^O^^j. Because operators 0^ l \ 
are observables of the A-model, j4*-model respectively, it is necessary to merge these two 
models into one theory. In order to fulfill our purpose, we take a genus Riemann surface 
as a world sheet £ constructed from two hemi-spheres Sl and E#, 

s = s L u s fi , 
s L n z R s 1 , 
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where subscripts L and R stand for the left, right part of E respectively. We put a topological 
theory on E^, an anti-topological one on E# and connect them smoothly on E. A Lagrangian 
of the resulting theory is defined as, 



L{t , t) 



L + / J A A 



+t 
+t 



Qr 
Qr 



Ql 
Ql 



- l 9i3^R 



} 



(7) 



where A is a U(l) gauge connection on E. This A becomes |? in the far-right and turns 
into in the far-left on E smoothly The third and fourth terms on the right hand side in 
(^) are perturbation terms in order to look into the response for the marginal perburbations 
associated with the Kahler form e. Using this Lagrangian, we can write a definition of the 
hermitian metrics, 



g/r 



By analyzing them in the operator formalism, we obtain an equation (A^-equation) for 
these correlators g/„, 



Q{m)Q{iy 

V[X, V>] 0(™)£)(O e -£(*.*) 



Q(m) q(1) q{1) 
Q(m) q{1) q{T) 



dt(gd t g- 1 ) = [C t , gQg- 1 } , (8) 
\Ct)i m 

V t Jim 

where (Ct), (pjj are three point functions containing operators for the A(M)- 

model, 74*(M)-model respectively. (The derivation of this equation is explained in the Ap- 
pendix A). 

The hermitian metrics are determined by three point correlators of the A (A*)-models. 
The author obtained these couplings of the A(M)-model for the Calabi-Yau d-fold |13| . (A 
short review of the derivation of these correlators are explained in the Appendix B). In the 
next section, we apply this formula to the Calabi-Yau d-fold case (|2p in order to obtain 
expressions of the metrics. 



4 Application of the AA*-Equation 

In this section, we apply the y4A*-equation to the Calabi-Yau d-fold M (Q) and analyze 
properties of the hermitian metrics gi^. Also by using these results, a genus one partition 
function can be obtained. 
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4.1 The Hermitian Metrics of the Calabi-Yau d-Fold 

When we take the set of the observables (O w G H l f(M) ; (I = 0, 1, • • • , d)) for 

the d-fold M as a basis, the structure constant of the operator product between and 
can be represented matrix Ct ||13||, 



/ K Q 

K x 

K 2 



C t :~- 



o \ 



o 



K d -2 





(9) 



Let us apply the Ay4*-equation in the previous section. The deformation parameter t cou- 
pled to the charge one field associated with a Kahler form e is the coordinate on the 
complexified Kahler moduli space of the A(M)-model. In our case, we can take the hermitian 
metrics diagonally, 



g := diag(e 90 e qi 



old-l aid 



) • 



Substituting this matrix into the AA^-equation, we obtain a set of differential equations, 



dtd t q + \K>o\ e 



gi-5o 



dtd t qi + \K>i\ e 



qi+i-qi 



l/twlV- 51 - 1 



, (7 = 1,2,- 



did t q d - \K&-x\ e 



(10) 



This set can be rewritten in a compact form by introducing new variables 

if I := qi - qi-i + log (Ki-iKi-i) (I = 1, 2, • • • , d) , 

d 

d- t d m =Y,Ki m e^ (Z = l,2,---,d-l,d) , 

m=l 

where the coefficients K\ m are given by changing the sign of each component of the Cartan 
matrix of the Lie algebra The above system is the A-type Toda equation system. We 
make one remark here; The A/^-equation system in the CP d+1 model is that of the affine 
A-type Toda theory. In our Calabi-Yau d-fold case, the system is that of non-affine A-type 
Toda theory. This difference stems from the property of the first Chern classes ci(M) of the 
Kahler manifolds M. The virtual dimension (the ghost number anomaly) of the correlators 
in the A(M)-model can be written, 



(dim c M)-(l-£)+ / X* Cl (M) , 
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where g is a genus of a Riemann surface S. The second term in the above formula depends 
on the degree of the map X. For each fixed degree n of the map, there exists one topological 
selection rule. For the CP d+1 case, this second term is (d + 2) n. Also we deform some 
topological field theory by adding only operators associated to a Kahler form. Then the 
degree of the observables are conserved in each fusion. For the CP d+1 case, the next fusion 
is non-vanishing generally, 

Q(l) . Q(d+1) ; 

and leads to an affine Toda theory. On the other hand, the second term vanishes for the 
manifolds with the vanishing first Chern classes (Calabi-Yau manifolds). In these cases, the 
following fusion leads to zero, 

Q{1) . Q{d) = q _ 

It is this reason that the AA*-equations for the CP d+1 model is affine Toda, but that for 

Calabi-Yau manifolds are non-affine Toda. 

Return to the analysis of the Toda equation in our case. We solve the equation explicitly. 

Firstly let us introduce a set of Grassmann variables £ a (a = 0, 1, - - • , c?) and derivatives 
d 

(b — 0, 1, • • • , d), which satisfy the anti-commutation relations, 

(r e\ = l— —l = o 




Secondly we define the functions ( + , ( by using arbitrary functions ( b ), 

C + W:=ECW-r , (12) 

a=0 

C(t) := EC(*) • . ( 13 ) 

6=0 °^ 

where {(£} ( {C&~} ) are holomorphic (anti-holomorphic) functions with respect to the vari- 
able t. The set of solutions for e q " is obtained, 



e 



H n +i Bq 



|2 ' 



H n • • • K> n -l\ 

Hn= E |(C)(C)---(C + j[x|(C)(Q---(C)L- , (n = l,2,-..), 

0<ii<--<i„<d 

/J := 1 , 
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with one relation, 



(C + )(C + )'(C + )"---(C + ) (d) 

where (C + ) (n) = d?( + , (C) (n) = 



(14) 



where we used a notation to save the space, 







ax 


a 2 








d x a x 


d x a 2 


d x Clm 


\d\ CL2 


■ &m \ x '■ — 












ST 1 "! 


vr 1 ** ■ 


■ d m ~ x a 



Also the B is some function represented as products of some pure holomorphic functions 
and anti-holomorphic ones, which are determined from the boundary condition. We use a 
set of functions as candidate for the general solution fllPl) , 



C= I • (<> = 0.1. ■■■.<!) 

3=0 

Ct = [ &o 1 • I ■ ^ ■ > (/ ' = °- l ■ • • • f/! 

3=0 



(15) 
(16) 



where the K,j are the three point couplings written in @ and the Rj are their complex 
conjugate. The zu a (z) are the solutions of the Picard-Fuchs equation and written by using 
the Schur polynomials, 



w a (z) = ujq(z) ■ S a (xi,x 2 , ■ ■ ■ ,x a ) , (a = 0, 1, • ■ ■ ,d) , 



™o(z; p) ■= 



T{N(n + p) + 1) 



o nN P + 1) 



T(n + p + l) 



N 



-N(n+p) 



V™\ogm (z; p)\ p=Q , zu (z) := uj (z ; p) 



p=0 



-N 



z := (Nip)' 

Also the w a (z) are complex conjugate of the zu a (z). These functions satisfy a condition, 



H d+ i= (Cmt) ■ ■ ■ (C) t x (£•)(&-)•••(£•) 



1 



(17) 



where we used a relation, 



cuq^i • • • w d | t = (w ) d+1 (^_i) 1 (/ < Cd-2) 2 • • • (^i) d 1 (Ko)° 



uJ a -=— (a = 0, 1, • • • ,d) . 
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In addition, we choose the function Bn 



d-1 



B = (zuotuo) ■ ^2(KjKj) 
3=0 

Under this setup, we can write down solutions e 9n , 



d-j 
d+1 



exp(g n ) 



E 

0<ii<---<i„+i<d 



U h L0 i2 ■ ■ ■ U in+1 



Vh ■ ■ ■ LUi 



{ur ■ w ) ■ 



E I U 3\ U 32 ' ' ' U 3n It - I U h U h ' ' ' U 3n If 

0<ji<-<j„<d 



1 



X- 



■ ■ ■ tv n -i 



2 ' 



■= , Wa := — (-1) 

Wq Wq 



(These results remind us of the structure of the W-geometry of the Toda systems [24]). Also 
the product of the couplings can be expressed as, 



\KoKi ■ ■ ■ K n -i\ 



UqUJi ■ ■ ■ UJn-1 \ t - \&0U>1 • ■ ■ & n -l |j 



(18) 



Let us make two remarks: Firstly each summand in the solution e qn behaves in the large 
radius limit lint — > oo as, 



UJ h UJ i2 ■ ■ ■ u in+1 



t 



il+*2H Hn+1 — in(n+l) 



z(d— ii)+(d— i2)+(d— i„+i)-|n(n+l) 



On the other hand, the product of the couplings fll8|) tends to constant classical one in this 
limit. When one scales the parameters (t , t) as A (i , t) in this limit by using a real positive 
parameters A, each solution e Qn behaves as, 



^ ^-2n+d 



We identify the scale dimension of the n-th component of the set of solutions e Qn with n 
which is the same as that of the hermitian metric g nfl = (0^ O^ 1 ^. (The extra scaling 
exponent d comes from the axial U(l) anomaly due to the axial couplings between the U(l) 
gauge connection A and the fermion number current J). As a second remark, we consider 
the rescaling of the periods {cc a }. When we rescale {w a , w^) by multiplying arbitrary holo- 
morphic (anti-holomorphic) functions f(t), f(t) respectively, 



(w a , ZU h ) — > (/ UJ a , f zu b ) 
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the solutions e qn transform into the forms, 

e qn - f(t)f(t)e qn , 

i.e. q n ^q n + log f{t) + log f(t) . 

This means that the g n 's are not functions but sections of holomorphic line bundle £ over 
the A-model moduli space. Next let us investigate properties of the metrics. Firstly we take 
the e Qo . It is written by a simple calculation, 

e io = (w w ) ■ S d (zi, z 2 ,---, z d ) , 

z n := x n + (-l) n -x n , x m := — V™\ogw (z; p)\ Q , 

where the Sd is a Schur function. This corresponds to the two point function of charge zero 
operators, 

e *o = gQQ = (0(0) Q W 



Generally for restricted Kahler manifolds, this correlator can be represented by using the 
Kahler potential /C, 

9oo = e~' c ■ 

From this information, we may put go = These have a characteristic property, 

K - JC - log f(t)- log f(t) , 
(w a , UJ b ) — > (fw a , fw b ) . 

Several explicit formulae are collected in the Appendix C. Secondly we study the e qi . From 
the Toda equation ([T0|), the e Ql is written, 

e qi = e qo ■ (-d-Aqo) 
= e^-(d- t d t K) . 

The above derivative of the Kahler potential didtK, is known as the Zamolodchikov metric 
Gtt — dfdtJC in general terms. A relation between this metric G t t and the hermitian metric 
is written as, 

n - gl1 
^tt — — • 

goo 

From this consideration, we identify e qi with g^, 

e » = glI = (00) C»(i) 



We make a conjecture about the interpretation of the other solutions. 
(Conjecture) 
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The solutions e Qn of the Toda equation fllOD are identified with the hermitian metrics on the 
complexified Kahler moduli space, 

® p T p (M, A p f*M) <g> C 

of the Calabi-Yau A(M) model. 

In the rest of this section, a genus one partition function is analyzed by using the results 
obtained here. 



4.2 The Genus One Partition Function 



Fi = \ ■ I — Tr(-l) F F L F R gV° 

2 JT To 



A genus one partition function Fi is described by the following new index |14|, |25 

1 r d 2 - 

IT T 2 

F:=F L -F R , q:= e 2mT , q := e~ 2 ™ , 

where the Fl, Fr are left, right fermion number operators. (Insertion of these operators 
adjusts the fermion zero modes). Also the trace in the above formula is over the Ramond 
sector ground states and the integral is calculated over the fundamental region T of the 
world sheet torus with a modulus parameter r = T\ + %t%. This formula is rewritten by the 
analysis in the operator formalism, 

a#F a = ^Tr {{-lfaOj} - la tJ -Tr(-l) F , (19) 

where subscripts "z" "J" represent marginal operators (pi, <f)j on the Ramond ground states. 
In our situation, the "z" "J" are associated to A-model, y4*-model operators 0a 4>a* [ej] 
constructed from Kahler forms e,, ej of M respectively. The symbol Cj, Cj are structure 
constants associated to the above marginal operators and the trace is over the Ramond 
ground states. In the second term in the right hand side, the Gij is Zamolodchikov metrics 
of the Calabi-Yau Kahler moduli space. Also the Tr(— 1) F is equal to a Euler number x(M) 
of the Calabi-Yau d-fold M. The derivatives <9,, dj in the left hand side are partial derivatives 
with respect to marginal coordinates ti, ij associated to operators <pA 4>a* respectively. 
Furthermore the equation can be rewritten as, 

d l d J F 1 = ^d l d 3 logP , (20) 
logP := E(-ir^Tr M (logg) - ^Tr(-lf , (21) 

p,q Z 

where the variables p, q in the summand are left, right Ramond U(l) charges and also equal 
to the ghost numbers of the A-model, y4*-model operators. The "g" in the trace are hermitian 
metrics g P q = (0^0^\ of the Kahler moduli space. Especially the K, is a Kahler potential 
of the moduli space and is represented as /C = — logg o- 
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4.3 Application to the Calabi-Yau d-Fold 

In this subsection, we apply the recipe in the previous subsection to the Calabi-Yau d-fold 
(§). For this Calabi-Yau d-fold (c = 3d), the Ramond U(l) charges q R are written, 

q R = l- ^ , (7 = 0, 1, •••,<*) . 

Especially their conformal weights h R is constant, h R — g| = | . The corresponding weight 
/itvs and U(l) charges q^s in the Neveu-Schwarz sector are obtained by the spectral flow, 

1 d I 
tiNS = h R + -q R + - = - , 

Qns = qR + 7^ = l , {I = 0, 1, • • • , d) . 
Note that the factor (— l) p ~ q • — - — is calculated in the case p — I — ^ q — m— |as, 

(-ir q ~ = \(r-d)-(-iy , 

r := I + m , (I = 0, 1, • • • , d ; m = 0, 1, ■ ■ ■ , d) . 

From this consideration, it turns out to be that the primary horizontal subspace of the 
de Rham cohomology of M, 

H d (M) := ® d s=0 H d - s ' s (M) , 



does not contribute to the Fx. Because the Hodge numbers are given as (0) in our model 
(Q), logP is obtained, 



logP = -^-£ + Ef a -^.]og(g. 



(22) 



By using a reality condition of the hermitian metrics, 

1 

Sd— s,d— s _ ' 

&ss 

we obtain a formula, 



(23) 



d+1 



d + 2 



G sS := — , (s = 0,l,---,d) . 
goo 



/C- J] (rf-2 S )logG ss - , 



8=1 



(24) 
(25) 
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We define a symbol [x] G as a unique maximal integer which is not greater than x. Thus the 
partition function Fi is written as, 



Fi = --log 



cxp 



12 



d+1 



Jg 



d + 2 



* x n (cwr (d - 2s) • i/i s 



s=l 



(26) 



where / is an unknown holomorphic function determined by a boundary condition. Now we 
use the mirror symmetry of the d-fold M and its partner W. Recall that W is constructed as 
a orbifold from M divided by the maximally invariant discrete group (Zd +2 ) d+1 . The complex 
moduli space of W has singularities at points ip — 0, a a , and oo (a = 0, 1, • • • , d + 1 ; a :— e 1 ^) 
Because the behaviour of the function / is controlled by these singular points, we make a 
conjecture about /, 



f = ra-^ d+2 f , 



(27) 



with some constant numbers a and (5. Thus we write a genus one partition function of W 

as, 



cxp Hl + 



d+1 



G 



d + 2 



F iO) = 2 ' log 

s=l 

/C = -loggoo , 



goo = (^Wo) ■ S d (zi , z 2 , • • • , z d ) , 

E 

1 0<ii<---<i n +i<d 



K 



GJ 



E 

0<n<-<j„<<2 
1 



CO 



Jn lip 



X- 



| A^O^l ' ' ' K"n-1 



|2 • 



(28) 
(29) 



(30) 



Because the partition function is a zero point function, the corresponding one fi(t) in the 
A(M)-model can be obtained only by changing parameters from ip to t(tp) := x±, 



F 1 ( t ) = F 1 (m) ■ 



(31) 



All we have to do is to determine the unknown constant numbers a and (5. To achieve this 
purpose, we examine asymptotic behaviours of the Fi in some limits. 
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Firstly in the large radius limit, the Fi becomes, 

-1 



Fi 



(t,t)— +00 



N 



_(jv-2)(jv + i; 



(32) 



N := d + 2 



Secondly we take an asymmetrical limit t — > 00 while keeping t fixed. In this limit, the 
normalized hermitian metrics G nfl behaves as, 

logG nS (t) ~ -log(5 d ) -log|^ ^i---^n-i| 2 

|cj ^i • • • 



+ log|^ ^l---^n-l| +log 

I^O^l " " ' ^n-l\t 

= — log(Sd) + (anti-holomorphic parts) + 0(t~ l ) 



Now the Schur polynomial Sd is written down, 



d\ 



(d-2)! 



p=0 



+ 



with L> p t := (-^— ■ log ro (2;; p) , 



and then, 



log S d ~ log (t^^r 1 ) , (t-00) . 

Thus the metric is reduced to an asymptotic form, 

\ogG nri (t) ~ (anti-holomorphic parts) + 0(t~ l ) . 

Similarly the Kahler potential /C behaves as, 

K. = -log go 5 

~ — logro + (anti-holomorphic parts) + Oit^ 1 ) , 

in the limit t — > 00. By using a transformation property, 

7 dtVrdP " 



we obtain an equation, 



Fi(t -> 00) = - - log 



(33) 



(34) 



(35) 



(36) 
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X N ' 



(1-N) N -1 + N 2 , (Euler number of M) , 



v := — - 



u 



X_ 
12 



d + 1 



d + 2 





'd-l" 




'd+1 


li 


2 


G 


2 




'd-l 




'd+1 


U 


2 


G 


2 



G 



G 



G 



G 



■ d (d ; odd) 

(d + 2) (d ; even) 



(37) 
(38) 

(39) 



By postulating the regularity at the singular points z/> = and oo of the complex moduli 
space of W, we obtain the constants a and j3, 



a 1 at u + v 
oc = v , (3 = — ■ N d _i — , 

N d ^ = ^- 2 -[l-(l-Nf] + 1 -.(N-2)(N + l) . 



(40) 
(41) 



(The derivation of these are summarized in the Appendix D). We write the final result of the 

genus one partition function Fi of the Calabi-Yau ci-fold embedded in the projective space 
cp d+i 



Fi = ^-log 



jv-K 



II {GnnY id - 2n) 



n=l 



(42) 



with several parameters d37|)-(|4lD. Especially when the parameter t tends to infinity with 
the parameter t fixed , the above Fj fl42f) turns into a formula, 



Fi(t -»• oo) = - - log 



[3 



(43) 



In the next section, we explain the meaning of this formula. 

5 Interpretation of the Result 

In this section, we explain the meaning of the Fi obtained in the previous section from 
the point of view of the topological field theory 

5.1 The Asymmetrical Limit 

In order to consider the geometrical meaning of the F 1; we consider the limiting case 
t — > oo. The bosonic part Sq of the action (|7|) can be written, 



S = tJJ 2 zg iJ d z X i d,X' + iJ^d 2 zg iJ d g X%X s 
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with appropriate constant shifts of the parameters (t,t). Obviously the dominant configu- 
ration of the boson field in the asymmetrical limit (t — > oo with t fixed) is the holomorphic 
mapping from E to M, 

dgX* = . 
On the other hand, the So is expressed as, 

S = ^ • fj 2 z g i3 (d z X%Xi + d- z X%X>) + ^ ■ J<Pz 9lJ (d z X%X^ - d- z X%X^) 

The second term is seen to be an integral of the pulled-back Kahler form e of M to E and 
can be rewritten, 

Jj 2 z g tJ (d z X i d- z X^ - d- z X l d z X^) = -y/=l J^X*(e) , 
e := y/-[g i jdX i A dX J . 

(In particular, it is independent of the complex structure of the world sheet E). With an 
appropriate normalization, this gives a degree of the map X. Then the path integral of the 
bosonic part is reduced to the integrals of the holomorphic maps classified by their definite 
degrees. Now recall the term coupled with the parameter i in (^), 

i^{Q R ,[Q L ,V^lg i3 ^l]} . (44) 

In the limit t — > oo, this term should be decoupled in order to give non- vanishing contri- 
butions to the Fi in carrying out the path integration. The natural recipe to decouple this 
term from the theory is to associate the operators Qr, Ql to some BRST operator. In that 
situation, the above term works trivially and does not contribute in the physical situation. 
When we combine these operators into one operator Q — Qr + Ql, the theory turns back 
to the ^4(M)-model. We make a remark; The meaning of the holomorphicity varies when one 
deforms the complex structure of the Riemann surface E. Because the integral of the world 
sheet moduli is performed in the genus one case, we should take into account of the varia- 
tion of the complex structure of the world sheet (i.e. the topological gravity). In the next 
subsection, we study a Calabi-Yau yl(M)-model coupled to the two-dimensional topological 
gravity. 

5.2 The A-Mode\ Coupled to the Topological Gravity 

We consider a topological gravity system. However we take an attention to the complex 
moduli of the world sheet mainly and omit the diffeomorphism parts and fix the local Weyl 
scaling eventually. The action S in this system consists of two parts; the topological gravity 
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part Sg and the A(M)-matter part Sm coupled with the gravity. Firstly we investigate the 
matter part Sm [PL [26|1, 



S M = jj 2 z g is d- z X%X3 + ^Tp zi (d~ zX 1 + X&X'' 



+</=Ip* {D zX l + xld- z X l ) - x k X l R) hT PzrP l z + xlxlPziP 



3kV 



(45) 



where the fields xh Xl are superpartners of the complex structure Jj} on the £ and its 
conjugate. The BRST transformations of these fields are collected as, 



5X i 
5X l 

¥ z 

¥ z 
sji 

5J! 



X 

x x 



5x l 







-W z X"-T^p k z , 



^ld- z X* - T) k x>p k 



-2^-lxl , 5x1 = 
2^lxl , S X l = 



z ? 





This system is quasi-topological and the weak coupling limit gives exact results. In fact, the 
path integral is dominated by the holomorphic instanton configurations, which are defined 
in the space Cs x Map(S , M) as, 

Inst := {(J, /) ; / : £j — > M (holomorphic)} . 

The complex structure Cs of the Riemann surface £ is described by the (1, 1) tensor J on 



S. (We use the notation in 0]). The holomorphic property of the map / is written as, 



1 



-Ul)d v f = 



2 — v H 

where the {x 11 } is the local real coordinate on E. 

Now let us consider an infinitesimal deformation of the configuration (J , /) — > (J + 5 J , / + 5f). 
The deformed configuration remains in the space Inst if the following equation is satisfied, 



dsn + ^Y-sj;d M r = o . 

The tangential direction of the Inst is controlled by the ghost zero modes (x 1 , xf) with the 
relation, 



d s x* + x z Af = . 



(46) 



The moduli space of the genus g Riemann surface with s-distinct punctures is described by 
the fermionic fields x\ an d xl- On the other hand, the transversal direction to the Inst is 
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represented by the pair (V , uo). The v l is the variation of the map /' (5f l = v l ) and belongs 
to the space (H°(f*TM)) ± . The a; is a Beltrami differential with properties, 

u>*d,f* ^ . 

Also their complex conjugate (v , a;) satisfies a condition, 

v G (//°(/*T*M)) ± , 
and the uj can be expressed by a holomorphic map f l and an anti-ghost p zi as, 

9zz^l = Pzid z P . 

When one deforms the pair (J, /) infinitesimally into (J + 5 J , f + Sf), the action also 
changes. The quadratic parts with respect to the variation fields can be obtained, 

= Sl + S 2 , 

51 := jf d^j V^l Pzi (d- zX l + X Z AP) + V^Pa {d z X l + X%f) 

- R j k iPziPix k X l + Pziplxlxl^ , 

5 2 = Jj 2 z{-g ii v>D s D z v j + D- Z v, ■ u>*d g f + u\d z f • D z v t 

+9ijUJ z z d z f ■ u%P - \f-Lv i Cp- zzi + V^hp zzi if 



lu%D z x % • p zi + V-lpzrD zX l -uj z z j , 
&zz % ■= X k d- Z f l ■ R{ kI p zj - D z {x\Pz) i , 

Vzz, ■= PzjX k dzf ■ Rhl ~ V-z{PzX Z z\ ■ 

The ghosts are decomposed into sums of the tangential parts and the transversal parts of 
the Inst. When one carries out the path integrals in the transversal parts, the contributions 
from the bosonic parts and the fermionic parts cancel with each other. Then one obtains an 
effective action of the zero mode components, 

Seff = J^-X k X l R) kI PziP j z + X Z zX Z zPziP\ + ^ zz t {G(0)} l 

- (p(Dx) -yGDft) (7,(1- DGDtfi)' 1 {{D x )p + t hDG{^ , (47) 
where the fermions (x l , p\ , Pzi) satisfy the zero mode conditions, 

W + x z Af = o , 

d-zpzi = , p zi d z f = . 
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Also the symbol "G" means a Green's function of the operator DD and the mappings 
and /j are defined on the u and Co respectively, 

(ft u )*t := 9ijd z f J -u>l , 
{fau) zl :=gijdgf 3 •& 



,—.z 

z 



In the next subsection, we give a geometrical meaning of the effective action ([17]) for the 
(anti)-ghost zero modes. 

5.3 The Geometrical Meaning 

In the last subsection, we obtain an effective action for the (anti)-ghost zero modes. If 
one integrates this with respect to the (anti)-ghost zero modes, the result gives a top Chern 
class of the vector bundle V over the holomorphic instanton space Inst. The fiber of the 
bundle V is spanned by the anti-ghost zero modes, 

dspzi = , pzid z f = . 
On the bundle V, a covariant derivative V is defined as [|26 

Vp = {5p, l -6f k T{ lPj + y^-dz5Jlp zl 



2 

—dzD z {G{(p)) i + dz (dfy 1 {(D6 lfi f)p + '/„£>(?(£)}} ® dX 1 
where {df)' 1 is a Green's function of the operator df, 

The second and the third terms originate from the variations of the map f + Sf and the com- 
plex structure J + 5 J respectively. The presence of the fourth and the fifth terms guarantees 
the holomorphicity and the conormal property of the p with respect to the (J + 5 J , / + Sf). 
By using this connection on V, the effective action can be rewritten as, 



S.„ = -l P , V^V" 1 



p 



with 5f l = \ l i — — 2a/ — The inner product is defined by the hermitian metrics 
and g Z z- That is to say, the effective action is a bilinear form of the anti-ghost zero modes 
with the curvature of the vector bundle V . Thus the integral of the anti-ghost zero modes 
gives a top Chern class Ct(IS) of the bundle V . The remaining ghost zero modes (x % > Xs) 
with the relation (EH) govern the tangent space of the holomorphic instanton space. In other 
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words, they describe the tangent space of the moduli space of stable maps M 9jS (M , n). This 
moduli space is defined by a set of the s-distinct marked points (x±,X2, • • • ,x s ) on E and a 
holomorphic map / from the Riemann surface E to the target space M. The "stable" means 
that a map / ; E — > M has no non-trivial first order infinitesimal automorphisms, identical 
on M. In other words, it means that the automorphism group of (E ; x± • • • , x s ; /) is finite. 
(Concretely the condition means that every component of E of genus (resp. 1) which maps 
to a point must have at least 3 (resp. 1) marked or singular points). The moduli space of 
stable maps to M of curves is defined as, 

M g , s (M , n) := {(E ; x,, ■ ■ ■ , x s ; /)} / ^ , (48) 

where "=" is the action of the finite automorphism group of (E ; x\, ■ ■ ■ ,x s ; /). Also the 
degree n of the map / is a no n- negative integer determined by the homology class H 2 (M ; Z) 
and the homotopy class of the map. 

Next we consider the topological gravity part Sq- For each marked point Xi on E, a 
holomorphic cotangent space T*.E is defined. When one deforms the complex structure of 
E, the meaning "holomorphicity" varies. Then a complex line bundle over the base space 
Mg, s (M, n) with the fiber T^.E is introduced naturally. When one considers a correlator 
(• • • a ni {uji) ■ • •) containing a n^-th gravitational descendant a n .{uji) of a cohomology element 
ooi G H 2qz (M), it contributes after the path integral as, 

Collecting the matter parts and the gravity parts together, we can write the correlation 
functions in terms of geometry, 

(a ni (LU 1 )a n2 (LU 2 )---a ns (LU s )) = [ c T {V g , s , n ) f[ Ci{C {€) ) rH /*(w i )(a; i ) , 

JM g ,„(M,n) - =1 

provided that the following selection rule is satisfied, 

£(n i + g i ) = (dimM-3)(l-<7)+ / /*ci(M) + s . 

i=l Js 

For our genus one case of the Calabi-Yau A(M)-model, the first and the second terms vanish 
and then the selection rule depends on the number of the marked points s only. 
Now we express the d t Fi(t — > oo) in geometrical terms as, 

oo 
n=0 

= f>"{4 ^ c T (Z/ lil)n )r(o;)} . (49) 

„=0 L^i.iCM.n) J 
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Particularly the degree part associated to the Kahler form u can be calculated, 

Mw)) 1 o = ~/wA(^ 1 (M) . 

24 JM 

(This can be used to fix the normalization of the Fi ). 

Finally we make several remarks; the holomorphic maps for g < 1 are isolated only at 
dimM = 3. In this case, one can count the number of the curves embedded in M unam- 
biguously. But the dimM > 3 cases, the anti-ghost zero modes exist and the maps appear 
as families. In such cases, the counting the number of the "individual" curves no longer 
lose its meaning and one should interpret dtfi(i — > oo) as an integral (|49|) of the top Chern 
class over the moduli space A^i i i(M,n). Also for dimM = 3 cases, the d t Fi(i — > oo) have 
contributions from the rational maps as well as elliptic maps because of the bubbling of the 
torus []l4*| |. In our higher dimensional cases (dimM > 3), the similar bubbling phenomena 



are expected to appear. However the explanation of these possible bubbling needs some new 
formulation in moduli spaces of holomorphic instanton families which may have singular or 
non-smooth configurations. It remains an open problem. 

6 Conclusion 

In this article, we have investigated some properties of the Calabi-Yau d-fold M embed- 
ded in CP d+1 subject to the assumption of the existence of the mirror symmetries. We 
introduce a new quasi-topological field theory A*(M)-model associated to the M. This model 
is compared to the A(M)-model. By the analysis in the A^-fusion of these two models, 
two point functions of the moduli space associated to the non-linear sigma model are inves- 
tigated. A set of the two point correlators satisfies a set of equations (v4A*-equation) for 
the Kahler manifold M. Because we switch of all perturbation operators on the topological 
theory except for marginal ones 0W, associated with a Kahler form of M, the Ad- 
equation is characterized by three point functions := /0( d_ ') 0^) 0( i_1 )\ and their 
conjugates Ri-x := (0^ d ~ 1 ^ 0® O^ 1 ^. (The author calculated these three point functions 
on the sphere in the previous paper Hl3| ). That is to say, the fusion structure constants in 
the 74(M)-model control the system, 

0« . 00-D = 0(0 , 

0(i) . o (d) = . 

For our Calabi-Yau case, this AA*-equation turns out to be a non-affine A-type Toda 
equation. This non-affine property stems from the nilpotency of the operator products, 
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Q{1) . Q(d) = Q Thig nilpotency 

originates in the vanishing first Chern class of the Calabi- 
Yau manifold. For the CP d+1 case, its first Chern class does not vanish and then the Ad- 
equation is an affine Toda equation system. In order to obtain genus one partition function 
of the non-linear sigma model described by the Lagrangian L(t , t), we used the data of 
the two correlators. By taking an asymmetrical limit i — > oo and t is fixed, the y4*-model 
part is decoupled and the above partition function is reduced to that of the y4(M)-matter 
coupled with the the topological gravity at the stringy one loop level. The coefficients of 
the Fj(t — > oo) with respect to the indeterminate q := e 2mt represents integrals of the top 
Chern class of the vector bundle V over the moduli space of the stable curves with definite 
degrees n. In this paper we used the mirror conjecture and our results should be verified by 



the mathematical methods in enumerative geometry [p7 



Appendix A 
The A4*-Fusion 



Firstly let us introduce a set of connections A, A defined as, 

A fk = (0 Ck) A {j) ) := (0 Ck) d t U) ) , 



A fk = (d Ck) \A\o^) := (O^d^O^ 

,1 - 9 ,1 - 9 
dt '-dl' dr -dt ' 

where O®, are observables of the A-model , v4*-model respectively. Using these con- 
nections, we define covariant derivatives, 

A := d t - A , 
D r .= dt-A . 

From the path integral representation, the next relation follows, 

Aj k = (0 {k) \A\0 {j) ) 

= (p {k) \dt\0 {j) ) = . (50) 

Also we define a notation, 

A jk :=(0W\d t \0^) , 
and consider a derivative of this diAjk with respect to the parameter t. Then we obtain, 

dtAjk = dtAjk — dtAjk 
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O'" (J^ {Qr , [Ql , (I »] }) | (/^ {«« , [Ql , O' 11 ] }) O w 

7 <*>) 



(fc) M 0(1) 



by using the relations, 



{Q r ,[Ql,0^}} 

d z d- z O {1) ) O 0) 

R / 

d z d z O^ 

{Ql,Ql} = O z , 
{Qr , Qr} = d z . 



(51) 



The first term in ( |5"T| ) is rewritten as, 



0(1) 



0(1) 



c 



c 



where C is the boundary of E# and d n is the normal derivative along the cylindrical direction 
of S and if is a hamiltonian along this direction of E, 

<9 n £> (i) = \H , . 

Furthermore the above formula is re-expressed as, 

- (o^ (J o^A | (h \o® 



c 



c 



where the integration Jdr is over the length of the left cylinder Finally taking a long- 
cylindrical limit T — ► oo, the dtAjk becomes, 



c> 



0<*> I 0^)e- TH U OW 



c 



c 



O 0)\ 

o 



c 



I (T^oo) 



/ 



(T^oo) 



nk 



where Ct, C% are three point couplings of the A-model, the v4*-model respectively and are 
defined as, 

f Q{m) Q(l) Q(l)' 



(c 



tJlm 



(Q) 



I'm 



Q(m) q{1) q(1) 
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Also the symbol (Cjj means that, 



For the hermitian metric gi m and the covariant derivative D t = d t — A, the next relation is 
understood, 

Dtglrh = . 

That is to say, the connection can be written as, 

A) = -g ] n{d t g- 1 f . 

Now we raise a holomorphic index of the Ajk by multiplying the topological metric i] lk and 
obtain a final result, 

d- t A) = -d- t (gd tg - l )\ 



3 



= -^[C t ,gC ig 

Appendix B 

The Three Point Functions on the Sphere 

In this appendix B, we derive the three point functions on the sphere of the d-fold (§) under 
the mirror symmetry. (More detail can be seen in ||13|| ). 

Firstly we take notice of the Hodge structure of the primary horizontal subspace H d (W) 
of the mirror manifold W paired with M. The deformation of the complex structure of W 
is controlled by the variation of the Hodge decomposition of H d (W) and its information 
is given by the period matrix P of W. This period matrix is defined by using homology 
d-cycles jj G H d (W), cohomology elements, 

Oi := & l z n e T d -' 1 = H d '° © H^ 1 ' 1 © ■ ■ ■ © , 

N := d + 2 , z := (^) _7V , Q z := z ■ 4~ ■ 

a z 

Its matrix elements Pjj (0 < % < d , < j < d) are expressed as, 

Pij ■ / &i ■ 

The ao = 0, is a globally defined nowhere-vanishing holomorphic d-form of W and can be 
expressed for the Fermat type hypersurface p as, 

n = /*, 

h P 

d+2 

d/j := ^(-l) a_1 X a rfXi A dX 2 A • • • A dX a A • • • A dX d+2 , 
a=l 



27 



where 7 is a small one-dimensional cycle winding around the hypersurface defined as a zero 
locus of p. Using this explicit formula of the fl, we obtain a differential equation satisfied by 
P, 

e z p(z) = c z p(z) , 

I 1 


C- : = 

1 

1 

0"2 01 J 

^ rii n 2 n Tl 

l-N N z ^ iV ' iV 



\ &N-1 &N-3 

N N z 



Or. 



l<n 1 <n 2 <---<n m <N-l 



N 



Each component i-L- of P is obtained, 



/=0 \ Z7U / m=0 



in 

n! I 2ni dp 



T(N(m + p) + 1) 
T(Np + 1) 



r(p + i) 



r(m + p + 1) 



N ' 



p=0 



Pij = I < 

J 7i 



0;^ = 



In the equation, the derivative O z induces the variation of the complex structure of W and 
the structure of the Hodge decomposition is deformed. Also each entry of the Z-th row of the 
P belongs to the T d ~ l . So the equation describes a linear representation of the infinitesimal 
deformation of the complex structure of W. 

Next by introducing a new variable t = ivi(z), we rewrite the above differential equation 
on the upper triangular matrix $, 



dMt)=C t $(t) , $ im := / a,(t) , 

Jim 



f K 

ACi 

ft 2 



ft d _ 2 


y 



1 



a (t) := — a , 
zu 
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ai(t) :-- 



1 



1 



- — d t 



1 „ 1 



df ■ -dt—dt—dt — 



ZV 



K, :=d t u 1 = l , (t = cji) 

K m ■= d t — d t — d t ■ ■ ■ dt—dt—dt uj m+1 

rvm-l ri>m~2 nil rVQ 



;i < i < d) 



[1 < m < d- 1) . 



From this equation, we can read the action of the differential operator dt on the cohomology 
basis &i(t), 

d t a^ x {t) = Kj-^t) &j(t) , (1 < j < d) , 
d t a d {t) = , 

Kj-idt) j , (f <j<d) . 

Because the t(z) is a mirror map and couples with a Kahler form J := t ■ e of M, the derivative 
dt can be interpreted as an insertion of the operator associated to the Kahler form e 
in the y4(M)-model terms. We translate these relations into the operator structures of the 
A(M)-model, 

0(1) 0(d) = o , 

for A(M)-model operators O^' E H l j\M) , (1 < i < d). The above operator product struc- 
ture of the A(M)-model observables is meaningful when one defines correlation functions in 
the following way, 

(pm (i-i) ..•}:=/ V[X, X , p] O w O (j ~ l) ■ ■ ■ e- LA , 

L A := -V^l J^X*{e) + Jj 2 z {qW , V^} , 

where is a BRST charge of the A(M)-model and is given in (f|). Thus we can 
obtain the fusion couplings {K>i} := (o^O^O^' 1 - 1 ^ 



Ko = 1 , 

Ki = d t - — d t - — d t ■ ■ ■ d t — dt—dt—dt , x 2 

ivi-l rV2 rvi no 



[l<l<d-l) , 



rv. 



-D n p \ogw {z] p) 



p=0 



d 



r{N(m + p) + l) 



2ni dp 

t(p + i) 



-i N 



m+p 



T(m + p+ 1) 

where the function u S n v is the Schur function defined as the coefficients in the following 
expansion, 



n=0 



(oo 
m=l 
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We write down expressions of these couplings FZi in a series with respect to a parameter 

'l(xi) = X U 

K l = l + a l q + 0(q 2 ^ 



q:=e 2mt , t = Si(xi) = x u 



i 

N 



a t = N\x A d+1 _ t - E 



1=2 



In := E 

l<m\<m2<---<m n <N— 1 



N — mi N — m 2 N — m r 



mi 



m 2 



Appendix C 

The Explicit Forms of the Kahler Potential 

We calculate several explicit forms of the Kahler potential /C in some lower dimensions for 
our case. 



dimension 


e K ■ (zu w ) 1 


1 


t-t 


2 


±(t-t) 2 + ± (v p t + v p t) p=0 


3 


^(t - 1) 3 + ^(t - t) (v p t + v p t) p=0 + ± (v 2 p t - vp) p=0 


4 


2^(* - tf + ~ tf fat + V p t) p=0 + ^(t~t) (V 2 p t - Vjt) p=0 



The p-derivatives are defined as, 

(, p. \ m+l 

=r i - Tp ) -log^ip), 

and the "bar" means the complex conjugate of them. The above examples coincide with the 
well-known results of the torus ( d — 1 ), the K3 surface ( d = 2 ) and the Quintics ( d — 3 ). 
In the B(W)-model case, the Kahler potential can be defined by using a holomorphic d-form 
Q and an anti-holomorphic rf-form as, 



Jw 



ttAtt . 



On the other hand, this d-form can be expanded by a set of dual basis of the homology 
cycles {7;}, 

d / „ x d 



i=0 VJ7 ' J 1=0 

I i: = Si, m , neH d (w- Z) 
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We suppose that intersection numbers of these cycles are given by, 



I 



l,m 



W 

( o 



1* A 7™ , 



(-1) 



d-i 



(-1) 



V o 

When one performs the monodromy transformation around the point z = as 
z — > exp(27r^/— Tn) • z, the functions w\ transform, 

ZU := * ( tJ7 CE7i • • • Wrf ) , 

ccj — > T n ■ vj (z — > exp(27r\/^Tn) • z) , 
T n := , 

/ o 0\ 

1 
1 

Ti := exp 

1 

\0 i o j 

Then the intersection matrix I is affected by this matrix, 



T try YT =J 

So we presume that we have an appropriate set of homology cycles. 

Using this assumption, we obtain the Kahler potential in the monodromy invariant form, 

-K 



9oo = e 



\d—a 



= (^O^o) ^2^a^d-a ■ ("I)' 
a=0 

= (^Wo) Sd ( Zi , z 2 , ■ ■ ■ , Zd ) , 
x n := ^-V™logm {z; p)\ p=Q . 

71/. 

Appendix D 

Derivation of the Parameters a and (3 

In deriving the unknown parameters a and (3, we need the information about the be- 
haviour of the period w and the mirror map t around the points ip ~ or ip ~ oo. Firstly 
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the period -cu can be expressed as, 

T(Nn + 1 



^oW = E 



i 



, r,, , rr v x„. ■> (IVH > 1) 
o [% + !)] {Nip) 



AT r tt I 27Ti 



(Nip) 1 



oo 



m + 



A? 



A? 



^ r(iVm + r) 



Am 



M < 1) , 



where a := exp (^p). It behaves as, 



vjo ~ ip 1 (ip ~ 0) 

G7 ~ regular ~ oo) 



Secondly we can write the mirror map t(ip) as, 
2iri-t(if>) = AHog 1 



n=l 
N-l 



[r(n+i)] J 



Nn 



E^-i) -wr^) 



r=l 



AT-1 



<1) , 



[r(m + ^ 



:= E 



(iV» 



ATm 



^ r(A%i + r) 

From this formula, we can write asymptotic behaviours of t, 

{t ~ regular (ip ~ 0) , 
t ~ logT/> _Ar ~ oo) . 

In the ij} ~ case, the Fi tends to a form, 



^~ilog{^} 



By postulating the regularity, we can obtain the a, 



a = v . 



Also the Fi behaves as, 
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in the ip — > oo limit. On the other hand, by the consideration of the large radius limit, this 
Fi turns to be a formula, 

F^ilogj^ ^- 1 } . 

So the (3 can be obtained, 
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